A SHARP INTEGRAL REARRANGEMENT INEQUALITY FOR
THE DYADIC MAXIMAL OPERATOR AND APPLICATIONS
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Abstract: We prove a sharp integral inequality for the dyadic maximal operator and
give as an application another proof for the computation of its Bellman function of
three variables.
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1. INTRODUCTION

The dyadic maximal operator on R" is defined by
1
(1.1) Mgo(x) = sup {@‘/ |p(u)|du : = € Q, @ CR"is a dyadic cube}
Q

for every ¢ € Lllo -(R™), where the dyadic cubes are those formed by the grids 2~ Nzn
for N=0,1,2,... .
It is well known that it satisfies the following weak type (1,1) inequality

(12) o € R": Mad(e) > A}l < / 6(w)]dus,
{Map>A}

for every ¢ € L'(R") and every A > 0.
Using this inequality it is not difficult to prove the following known as Doob’s in-

equality
p
(1.3) [Magllp < EH@MIp,

for every p > 1 and ¢ € LP(R").

It is an immediate result that the weak type inequality (1.2) is best possible, while
(1.3) is also sharp (see [1], [2] for general martingales and [16] for dyadic ones).

A way of studying the dyadic maximal operator is by making refinements of the
above inequalities. The above inequalities hold true even in more general settings.
More precisely we consider a non-atomic probability space (X, u) equipped with a tree
structure 7 and define

MTQS(:E):Sup{M(ll)/IWM,u: meIGT}.
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Concerning (1.2) certain refinements have been done in [8] and [9] while for (1.3) the
Bellman function of the dyadic maximal operator has been explicitly computed in [3].
This is given by

) Byl F)=sw{ [ tropdus 620 [ odu=r. [ orau=r},

for p > 1 and every f and F' such that 0 < fP < F.
It is proved in [3] that it equals

Bp(f7 F) = pr(fp/F>p, where Wp - [07 1] - |:17Z£L:|
denotes the inverse function H, ' of H,, which is defined by Hy(z) = —(p—1)z +pzP~1,
for z € [1, JB5].
After this evaluation the second task is to find the exact value of the following

function of three variables
(15) By(f, F.L) =sup{ [ max(Mo.Lydn: 620, [ odu=1. [ odu= F}
X X X

forp>1,0< fP<Fand L > f.
It turns out that

pr(pr_lf_ - 1)Lp)p, it L<-2 f
(1.6)  By(f,F,L) = F p—1
P+ (L)p@— I L
p—1 p—1
For this evaluation the author in [3] used the result for (1.4) on suitable subsets of X
and after several calculus arguments he was able to provide a proof of (1.6).
The Bellman functions have been studied also in [4]. There a more general Bellman

function has been computed, namely

Tyen(f, FoR) =sup{ [ 6trovn: o0, [ oan—r. [ H@an-r
(1.7) K measurable subset of X with u(K) = k:}

for suitable convex, non-negative, increasing functions G and H. The approach used
in [4] is by proving that T}, ¢ g (f, F, k) equals

k t
1
Sp.c.u(f, F,k) =sup {/ G(t/ g) dt: g:(0,1 — R non-increasing, continuous
0 0

with /Olg(u)du:f, /OlH(g)dt:F}.

The second step then is to evaluate S, ¢ g (f, F, k), which in general is a difficult task.
Concerning the first step (T ¢, = Sp,c,u) the following equality has been proved in
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[10] stated as

Theorem A. If g,h : (0,1] — R* are non-increasing integrable functions and G :
[0,400) — [0,+00) is non-decreasing, then the following is true

sup {/ G[(MT¢)*|h(t)dt, ¢* = g, K measurable subset of (0,1] with |K| = k}
K

_ /fc(}f /Otg(u)du> h(#)dt.

This can be viewd as a symmetrization principle that immediately yields the equality
Tp»GyH = Sp7G7H'

In this paper our aim is to find another proof of (1.6) by using a variant of Theorem
A. More precisely we will prove the following

Theorem 1.The following equality is true

sup {/ G1(M70)Ga()du : ¢* = g, K measurable subset of
K

x it 1) =k} = [“an(} [ o) catotonar,

where G; : [0,+00) — [0,400) are increasing functions for i = 1,2, while g : (0,1] —
R is non-increasing.

This theorem and some extra effort will enable us to provide a simpler proof of (1.6).
We also remark that there are several problems in Harmonic Analysis were Bellman
functions arise. Such problems (including the dyadic Carleson imbedding theorem and
weighted inequalities) are described in [7] (see also [5], [6]) and also connections to
Stochastic Optimal Control are provided, from which it follows that the corresponding
Bellman functions satisfy certain nonlinear second-order PDEs. The exact evaluation
of a Bellman function is a difficult task which is connected with the deeper structure
of the corresponding Harmonic Analysis problem. Until now several Bellman functions
have been computed (see [1], [2], [3], [5], [12], [13], [14], [15]). The exact evaluation of
(1.4) has been also given in [11] by L. Slavin, A. Stokolos and V. Vasyunin which linked
the computation of it to solving certain PDEs of the Monge-Ampere type and in this
way they obtained an alternative proof of the results in [3] for the Bellman functions
related to the dyadic maximal operator.

The paper is organized as follows. In Section 2 we give some preliminaries needed
for use in the subsequent sections. In Section 3 we prove Theorem 1 while in Sec-
tion 4 we give a proof that the right side of (1.6) is an upper bound of the quantity:
J max(M7¢, L)Pdp. At last in Section 5 we prove the sharpness of the above mentioned
X

result.
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2. PRELIMINARIES
Let (X, 1) be a non-atomic probability measure space.

Definition 2.1. A set T of measurable subsets of X will be called a tree if it satisfies
the following conditions
i) X € T and for every I € T we have that (1) > 0.
ii) For every I € T there corresponds a finite or countable subset C(I) C T con-
taining at least two elements such that
(a) the elements of C'(I) are pairwise disjoint subsets of 1
(b) I =uUC(I).
iii) 7= U Tm) where Toy ={X} and Tiyry = U CU).

m>0 I€T(m)

iv) We have that lim sup u(l)=0.
m — o0 IE,T(m)

Examples of trees are given in [3]. The most known is the one given by the family of

all dyadic subcubes of [0,1]™. The following has been proved in [3].

Lemma 2.1. For every I € T and every a such that 0 < a < 1 there exists a subfamily
F(I) C T consisting of disjoint subsets of I such that

(U 7)= T utn=-aum,
JeF(I) JeF(I)

We will also need the following fact obtained in [10].

Lemma 2.2. Let ¢ : (X, ) — RT and (A;); a measurable partition of X such that
w(A;) >0V j. Then if f(bd,u [ there exists a rearrangement of ¢, say h (h* = ¢*)

1
such that —— [ hdu = f, for every j.
M(AJ f

Here by ¢* we mean the decreasing rearrangement of ¢ defined by

¢*(t) = SupeCX,|e|:t[infxee‘qb(‘r)”)t € (Oa 1]

Now given a tree on (X, u) we define the associated dyadic maximal operator as
follows

Aﬁﬁ@ﬂzmm{ué%[WWu:xefeT}

for every ¢ € LY(X, ).
We will also need the following well known (see[17]).

Lemma 2.3. Let ¢1,¢2 : X — R* be p-measurable functions. Then the following

inequality is always true:

/@ o ) dpu(x /@ 65 (1)

where ¢} is decreasing rearrangement of ¢;.
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3. THE REARRANGEMENT INEQUALITY

We prove first the following

Lemma 3.1. With the notation of Theorem 1 the following inequality holds

k 1 t
[ cmrocaons [ a3 [ o)catawnar
Proof. Following [10] we set

1= [ Gi(Mro)Ga(o)in
K

Then by using Lemma 2.3 we have that:

1< [ 16iMro) /KT (Galo) KTt
Since K C X we have that
G (Mr6)/K] (1) < [Gr(Mr)]* (1) and
Ga(6)/ KT (1) < [Ga()]* 1), for any £ € (0,k].

On the other hand, G; and G»> are increasing functions, therefore
[G1(M79)]" = Gi[(MT¢)*]  and
[G2(0)]" = G2(¢"),

almost everywhere with respect to the Lesbesgue measure on (0, k]. Thus

k
I< /0 G1(M76)*(1)] - Galg(t))dt = I1.

The last integral now equals

k
= / G [(Mr6)* () dua(2),

where vy is the Borel measure defined on (0, k] by
4= f Gt

17— / T sa({t € (0K s (Mro) (1) > ADdGI(N) = I11 + 1V, where
A=0

Then we have that

f
IH:/O va((0, k])d G1(A) = va((0, k])[G1(f) — G1(0)] and

+o00
(3.1) v = /A vl € 0.4 (Mro)' () 2 )G )

Now we will prove that if we set

Ay ={t € (0, : (M7¢)*(t) > A} and
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1 t
QA:{tE(O,k]:t/gZ/\},
0

then Ay C 2y, for any A > f. Fix such a \.
Since Ay and (2 are defined in terms of non-increasing functions on (0, k] we must
have that
Ax=(0,Ax]], and 2\ = (0, |92,]],

that is they must be intervals with 0 being their common left end-point. Thus in order
to prove that Ay C 2, we just need to show that |Ay| < [£2,].

1 BN
For our fixed A we have that there exists () € (0, 1] such that Eoy) /0 g(u)du =

1
A. It’s existence is guaranteed by the fact that A > f = / g(u)du. In fact, we
0

can suppose without loss of generality that g(0") = 400, otherwise we work on \ €
(f,1l9]loc]- Notice that if ||g||cc = A, then M7¢ < A p-a.e. on X.

By the definition of 2y and B(\) it follows that 2, = (0, min(8(\), k)]. Also note
that |Ay| < k. Therefore it suffices to prove that |Ay| < S(A). But

AN C{t € (0,1]: M7e)™(t) 2 A} = [Ax] < [{t € (0,1] : (M79)*(t) = A} = w(En),
where F) is defined by
Eyx={x e X: (Mze)(z) > A}

There exists a pairwise disjoint family of elements of 7, (I;);, such that
1

3.2 /(Z)d,u>)\ and E) =UIl,.

(3.2) (1) I ’

In fact we just need to consider the family (I;); of elements of 7, maximal under the
above integral condition.

By (3.3) we have that / ¢dp > Ap(l;), for any j, and so summing the above
I

inequalities with respect to j, we conclude that

1
¢dp > Ap(E)) or that / odu > A.
A () W(E) Jr,

On the other hand B(\) is defined by the equation:

1 BN
5()\)/0 g(u)du = .

So we have have the following inequalities

1 w(EN) 1 1 B(N)
) s /E oz = g [ gt

implying that u(Ey) < S(A), since g is non-increasing. Then because of the inequality
|Ax| < p(Ey) we have |Ay| < [£2)\|. By the above we find that

A)\ C Q)\ = UQ(A,\) < 'UQ(.Q)\).
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Now using (3.1) we get

+oo 1 t
IV < / v2<{t € (0,k] : / g> A})dGl(A), thus
A=f t Jo

Ig/A::Om({te(O,k}:1/OthA}>dG1()\)
-/ e & tg>dv2<t> -/ e (i ] tg)@(g(t))dt

by the definition of vo. This completes the proof of Lemma 3.1. U

We now proceed to the

Proof of Theorem 1: First suppose that ¥ = 1. Let g : (0,1] — RT be a non-
increasing function. We are going to construct a family (¢4 ).e(0,1) of functions defined
on (X, pu), each having g as it’s decreasing rearrangement (¢* = g), such that

thUp/XGl(MT%)GQ(%)dM > /01 G1 (1 /Ot 9) Ga(g(t))dt.

a— 0t

Following [10] we let a € (0,1). Using Lemma 2.1 we choose for every I € T a family
F(I) C T of disjoint subsets of I such that

(3.3) S u) = (1 - a)u(l).
JeF()
Define S = S, by induction to be the smallest subset of 7 for which X € S and for

every I € S, F(I) C S. Wewrite for I € S, Ay =1~ |J J. Thenif a; = u(Ar) we
JeF(I)
have because of (3.3) that ar = au(I). It is also clear that

Sa=J Saqm where Sy ={X} and Syminy= J FO).
m>0 IGSay(m)

We define also for I € S,, rank(I) = r(I) to be the unique integer m such that
I €8, () Additionally, we define for every I € S, with r(I) =m

I Y b
WD = = gy [ g

and

ba(D) = > uld),

S3>JCI
r(J)=r(I)+m

We easily then see inductively that
bn(I) = (1 —a)™u(I).

It is also clear that for every I € S,

I= U Aj.

SedJCI
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At last we define for every m the measurable subset of X, S,, = |J I. Now for
IESG’(m)

each m > 0 we choose TC(Lm) :Sm \ Smt+1 — R such that

[r{m]" = (g/((l — )™t (1 a)m])*.

This is possible since p(Sm \ Sm+1) = 1(Sm) — p(Sm+1) = b (X) — b1 (X) = (1 —

a)™ — (1 —a)™ = a(1 —a)™. It is obvious that Sp, \ Sme1 = U As and that
]ESQ’(M)

1—a)™
/ M dy = /( ) g(u)du = 1/ M dp = .
S\ St (1—aym+1 1(Sm \ Smt1) J 8\ S

Define 74 : X — RT by 7,/(Sm \ Sm+1) == rém), m > 0. Using Lemma 2.2 we see that

1
there exists a rearrangement of Tam), called (;St(lm), for which — [ qb((lm) = Y, for every
arg Ar

I € Sqm)- We define ¢ : X — RY by ¢g(z) = {m) (x), for x € Sy, \ Sm41. Clearly
Pa = g-
Let now I € S, (). Then

1
m /I Gadp
= ! Z Padp

W) ¢ 570, Ja,
/ Gadps
Ay

-FY Y

£>0 Sa>3JCI
- r(J)=rd)+£

1 1 (1—a)m+e
= D Z aM(J)a(l—a)mM/( g(u)du

>0 Sa5JCI 1—q)m+étt

1 1 (1-a)mte
~uld) (l—a)m”/( glwydu- 3 plJ)

1—q)mté+l Sa3JCI
r(J)=m+<£

~

(1—a)mtt

= D T o 900 D)

(1—a)m+e
/ g(u)du
(1—a)m+e+1
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Now for z € Sy, \ Syt1, there exists I € S, () such that x € I so

1 1 (1=a)™
35 M@ > [oudn= g [0 a0,

Then for each a € (0,1) we have that

/ Gr(Mr60)Galda)dn = 3 / 1 (M) Ga(da)di > (due to (3.5))
>0 7/ 5e\Set

3.6 >S"Gy (6 Galda)d

(3.6) > o/wm () dp

By the construction now of ¢, we note that

(dus50\51) = (/0= - 0)1)

0 (3.6) becomes

[ ctroncaoiin =Y 6 (o | <1a)zg(u>du> y T Gty

>0 1—a)t*1

(1—a)?
> Y6ty [ st - 0 Gate(1 - 0))

(1—a)*
(3.7) => G <(1)£ /0 g(u)du> Ga(g((1 =)D~ a)*, (1 = a)f]].

1 1t
The sum in (3.7) is a Riemman sum of the integral [ G, (; fg) Ga(g(t))dt, so as a —
0 0

0T, we see that we have the needed inequality. The general case of the sharpness of
Lemma 3.1 for any k can be proved along the same lines, integrating G1 (M1d,)-Ga(dq)
on S, for each a, where m, € N is such that (1 — a)™e ™! < k < (1 — a)™e,and thus
(1 —a)™ — k, so by continuity reasons we have the result.

4. THE BELLMAN FUNCTION

We consider now a non-increasing function g : (0,1] — R™T and the quantities

where L > f. We will prove the following

Lemma 4.1. With the above notation the following equality holds for every g : (0,1] —
RT,

(4.1) vy(L) = LP — p%lpr—l + pf “uy (D).
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Proof. We have that

L “+00 1 t
vg(L) —/ —I—/ pAP~1 {t € (0,1] : max </ g,L> > )\Hd)\
A=0 A=L tJoy
+oo 1 t
:Lp+/ pAPL {te(o,u:/ngHdA.
A=L t Jo

We consider now for each A > L > f, the unique 5(\) € (0, 1] such that

1
BN &
A (we suppose that g(0™) = +oo, without loss of the generality). Therefore,

+o0
vg(L) = LP +/ pAPTL Ay |d,

where

A)\:{tE(O,l]:i/otg>)\} = (0,8(X)). So

—+00

vy(L) = LP + A . pAPTIB(N)dN

—+o0 . 1 ,8()\)
=IP +/ pAP <)\/ g(u)du> dX
A=L 0
—+00
=LP —I—/ p)\p2</ g(u)du> dA
A=L {u:d

+oo
=IP + / p)\p_Q( / . g(u)du) d\
A=L {u:max ( L fg,L) >A}
0

u

g>A}

O—g

where in the previous to the last inequality we have used Fubini’s theorem. Lemma 4.1
is now proved. O

We now prove the following

Lemma 4.2. For every f and F such that 0 < fP < F and L > f we have that
LP=1f — (p—1)LP
Fu, (p f F(p )

P4 (%)p(zf — ), ifL> %f

for every ¢ such that, [ ¢dp = f and [ ¢Pdp = F.
X X

)pF, if L < Ll f
[ max(Mro, Ly < =
X
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Proof. We set I = [ max(My¢, L)Pdu. Then
X

+oo
I :/ pNu({x € X max(Mgo(z), L) > A})dA

/ / PN u({x € X - max(Mgo(x), L) > A})dA
A=0 Ja=
=1II+1II, where

L
IT = / pANPTEN = L7,
A=0

since (X, ) is a probability space, and

IIT = /m PN u({x € X - Myo(x) > A})dA

By the weak type inequality (1.2) we obtain that

—+o00
II1 < / p)\p1<1 / qbd,u)dA
A=L A JiMrésay
—+o00
LT )
=L {max(My¢,L)>\}
max(M7(z),L)
- / ¢><:c>< / pAp—2dA>du<x>
A=L

/ $a) L ML) g

p— D rp-
(4.2) -2 /X (@) max(Mro(e), L' dp(a) = L1771,

By (4.2) then
1/ (r—1)/p
1< 2 fow) " (fomistra ) 2

< P pipre-1)/p +IP— LLpflf =
-1 p—1
P —

b p—1
_ o (1P N e L R
= F F

pLP~ f —(p—1)LP

= pwP™ — (p— Duw? >
pw (p— 1w’ > 7 :

IN\1/p L
where w = (f) . This gives

pLP ' f = (p—1)LP
F

(4.3) —(p = Duw” + pwP™! = Hpy(w) >

where the function Hy, is defined on [1, Ll] with values on [0, 1].
p —_—

11
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We consider the function b : [f,+00) — R defined by

h(t)=pt'~ ' f —(p— 1P, t>f.

Then

(1) =plp— D" 2f —plp — "
=p(p—1)(f —t)tP"2 < 0= h is strictly decreasing in it’s domain

Therefore, h(t) < h(f) = fP for every t > f, thus the right side of (4.3) which we
denote by b, is less than fP/F < 1.

We consider two cases

i) b > 0. Then we have that b € [0,1] and Hp(w) > b. If w < 1 then we must have
that I < F which gives in view of the fact that w,(b) > 1, the inequality I < Flw,(b)]?,
that is our result. We consider now the case w > 1. Then since H, : [1, Ll] — [0,1]

=

is strictly decreasing we have that
I
Hy(w) 2b=w < wy(b) = & < [wp(0)]

L~ (p— DI
)

:>I§pr<

We have proved our Lemma in the first case.
ii) We consider now the second case: b < 0 that is L > Ly = Ll f. Then
p—

I= / max(Mré, L)Pdu = LP + IT1
X

where as we have seen

“+o0o
(4.4) IIT < / p)\p_Q( / d)du) dA.
A=L {Mr¢>A}

Since L > Lo we conclude by (4.3) that

+o0
III < / pAP~2 </ d)d,u) d\ = / max(Mry, Lo)Pdp — LE.
A=Lo {M¢>A} X

By the case Ly = Ll f, which was treated in i) we conclude
p—

p=lre (o 1\IP\P
/ max(M7 ¢7L0)pdu§pr(pL0 : F(p DLO)
X

» \?
The above imply that
I<IP+ F(p>p — IR =1IP+ (p>p(F — /7

which is our result in the second case. Lemma 4.2 is now proved. O
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5. SHARPNESS OF LEMMA 4.1

We suppose now that L < Llf and look at the relations (4.1) and (4.4). The first

one is an inequality and states that

(5.1) / max(Myo, L)Pdp < 1P — L _pp=1p P / ¢ max(M7¢, LY~ Ldp
X p—1 p—1Jx

while the second is an equality stating

1 1 t p D 1 P 1 1 t p
5.2 / max </ g,L> dt =L — ——LP"f4+ —— [ g(t)max (/ g,L> dt.
(5:2) 0 tJo p—1 p—1Jo Q tJo

We fix g : (0,1] — RT. By Theorem 1 for
G1(t) = max(t,L)P, t>0

Ga(t)=1, and k=1
we have that

sup/ max (M7, L)Pdp = vg(L)
pr=gJX

while for
G1(t) = max(t,L)P~L, t>0

Go(t)=t, and k=1

we see that

sup /qumax(./\/le), LY Ydu = ug(L).

*=g
That is if we leave the ¢’s to move along the rearrangements of g in (4.1) we produce
the equality (4.4). During the proof of Lemma 4.1 we have also used the following
inequality

1/p p—1/p
(5.3) /X ¢pmax(Mye, L)P~'du < < /X <Z>pdu) ( /X maX(MT@L)pdu) :

For the proof of Lemma 4.2 we used inequalities only in the above two mentioned
points. The first is attained if we use (4.1) and the discussion before. For the second

1
we conclude that we need to find a sequence gy, : (0,1] — R* with [ g,,(u)du = f and
0
gh(u)du = F for which

1 1 rt p-1 1 1/p 1 1t (—1)/p
/ gn(t) max (/ gn,L> dt =~ (/ gﬁ) : </ max </ gn,L>dt>
0 t Jo 0 0 t Jo

that is we need equality in a Holder inequality. Therefore, we are forced to search for
ag:(0,1] — RT with

O —r

/Olg(u)du = f and /Olgp(u)du = F
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for which
1 t
(5.4) max (t/ g,L> =cg(t), for te (0,1]
0

where

i <pr‘1f —(p— 1)Lp>
—w, - ,

We state it as

Lemma 5.1. There exists g : (0,1] — RT non-increasing, continuous for which the

above three equations for the constants f, F and ¢ hold, in case where L < Llf
p —

Proof. We set
Kt e if te0,4]

(5.5) g(t) =
L, if te[y,1]

17
where v and K are such that — [ g(u)du = L, that is
Yo

(5.6) Key e =L

It is obvious that g is continuous, non-increasing and satisfies (5.4). We are going to

find now the constant v in a way that
KP t_p“l‘%‘f'l v P

[ 5 ]t0+p(1_7):F<:>
(-p+ 4 1) e

1
/ ¢’ (uw)du = F &
0

KPcpy—Ptetl P
D + 7(1 - 7) =F
cp( —p+=+ 1) ¢
c
PPy PTEH] P

(5.7) (1—~)=F.

—(p—1)cP + pcp—1 T
Since (5.6) holds (5.7) becomes

LP .~ P
—(p—1)cP + pcp—1 T
By the definition of ¢ we have that

(5.8) (1—7y)=F.

pLPLf — (p— )L
F

—(p—1)cP +pP~t = =D,

so (5.8) becomes
FLP .~ P

pr_lf_(p_l)Lp+c7(1—7>:F ~
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We need to see that v € [0,1]. Obviously we have that
r< / max(Mr¢, L)Pdpu
X
for any ¢ such that [ ¢du = f and [ ¢Pdp = F. Additionally
X X
/ max(Myo, LYPdu < [wy(B)]P - F = PF = F — [P [? > 0.
X

Further ¢ satisfies —(p — 1)c? + pcP~! = b as it is mentioned before thus p(c? — P~ 1) =

P —-b=>P-b>0= > > (0. From the above two inequalities we see that v > 0
c
We prove now that v <1 <
VP VR I
_ L L L
c T b cP
pLP~'f —(p—1)

which is true because of the fact that always L > f.
We consider now the function g as defined before with

F—LP/cP
7:17/16[0,1]

pl - _ —

L(b cp>

We prove that we additionally have that
1 v 1 L
/ g(u)du = f <:>/ Kt'edt+=(1—~)=f
0 0 ¢

L

S Ko+ =(1-v)=f
c

& (since Kc = L’yl_%)

f—Ljc

()

L
Ly+—(A-v)=fer=

So we need to check that

F
c p—
1 1 1
(-5 v (-2)
c b P
fe—1L FcP — [P
= =

T

P (fe—L)LP!
F(cp —cp~1) = LP + fLP-1°

(5.9) b=

Because now of the relation
ol —b—i—cp’
p
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(5.9) becomes

(5.10) po O (fe DI

7 .
—(=b+cP)— LP+ fLP~1
b

On the other hand

F F P1f—(p—1)LP
(—b+cp)—L”+pr1:<—p / F(p ) +c”>—LP+fLP1
P P

-1 F
:_Lp—1f+LLp+7cp_Lp_|_pr—1
p p

F, LV Fc-LF
= c—-— = ——.

p p p
Thus (5.10) is equivalent to
B pcP~Y(fe— L)LP1

b
Fep — P

P P
o P f —pcPl = b(Fc — 1> & (since pd® ' = b+ (p — 1)cP)

L Lp
pcl f c” pf F
—b—(p-1D)FP=bF——-bes—=—(p—1)=b—
s (p—1)c e T =g e
o P (p - )
B F
which is true from the definition of b.
That is we derived Lemma 5.1. g
We turn now to the case L > Ll f. For this one we need to construct a sequence

(gn)n with gy, : (0,1] — R non-increasing and continuous such that

1 1
/ gn(u)du = f, / gP(u)du =F and
0 0

1 1 t p P p
lim/ max (/ gn,L> dt > LP + () (F — fP)
nJo tJo p—1

where L > %f

We set as before
1
nt 1ot € (0, 7]

In(t) = L,

) t € [, 1]
c
where L, /Lo = Lf,
p—1

F—1LY/ch f—Lyn/cy

TEE S R (R
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P — (p—1)L2 4L
where cn, = wp(bn), bn = phn F(p I and k,, is such that k,c,y, * = L.
-1
» f—Lo®
Since L, — Lg we have that b, — 0, ¢, — 1 and v, \ —5 =0.
) L(1-55)
-1

According to the first case (where L < Ll f) we have that
p—

/Olmax (1/Otgn,Ln>pdt_[wp(bn)]pF . <&>pF.

NowforLZLf,
p—1

1 1 t p
/ max </ gn,L> dt:Lp—i—/ PAPT 2(/ )d)\
0 t Jo {u ,fo gn>)\}

+o00
L>L°Lp+/ PAP™ 2(/ . gn(u)du>d)\
A=Lo {wl [ga>n}
L
—/ PAP™ 2(/ . )du)d/\
A=Lo {u 5{

=LP — LB+ /max< /gn,L0>pdt
L
(5.11) —A Lop)\p 2(/{ 1o A} )du>d/\

By definition of the functions g,, we have that

1 t
max <t/ gn,Ln> = wp(bn)gn(t).
0
Thus

1 1 rt p 1 1 st p
/ max </ gn,L()) dtz/ max </ gn,Ln> dt
0 tJo 0 t Jo

1
= [wp(bn)]p/o gb(u)du = Flwy(by)]P, for every n

P » \?
hm/ max( /gn,Lg) dt :F< ) .
p—1

an(L) = /)\iLo P ( /{til ft9n>/\} gn(U)du> “

Sl M

and so

At last
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satisfies for a given L > L

L
an(L) S/ p)\p2</ ; gn(u)du>d)\
A=Lo {1 fgu>Lo}
L
= (/ . gn(u)du)/ PAPT2d\
{1 [gn>Lo} A=Lo

(5.12) =1TL - / . gn(u)du.
{t:%g‘gn>L0}

Note then that
1 t
< ‘{te (071} : t/ gn>Ln}’ = Tns
0

Hte(o,1]:1/0tgn>Lo}

1 7
because v, is the unique element of (0,1] such that — [ g, = L.
Tn 0
Since 7, — 0, from (5.12) we deduce that a,(L) — 0, asn — oo, thus from

(5.11)

1 1 ft P p \? p \?
lim/ max / gn, L | dt > LP — L} —— | F=LP+—— | (F—fP),
n Jo t Jo p—1 p—1

which is the result we needed to prove. From Lemma 5.1 and the calculations after it’s

proof we conclude the sharpness of Lemma 4.1.

6. CONCLUSIONS

By providing a generalization of the symmetrization principle given in [10] we give
another proof of the computation for the Bellman function of three variables of the
dyadic maximal operator,different from those given in [3] and [11].
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